Introduction {#Sec1}
============

A conjecture of Berry \[[@CR3]\] was the original motivation for the study of nodal lines of a random plane wave. Nowadays, the study of the nodal lines of random plane waves and other smooth Gaussian fields is a well developed research area of its own right, also having numerous connections to other areas of mathematics and mathematical physics. We refer to a survey by Nazarov and Sodin \[[@CR10]\] for more information. Bogomolny and Schmit \[[@CR4]\] argued that some properties of the nodal domains of random plane wave behave similarly to the analogous properties of the critical percolation clusters corresponding to the square lattice; these include their number and the distribution of their areas.

It turns out that a lot of techniques could be extended to more general ensembles of random functions that we will discuss later on. In this paper we discuss the distribution of nodal domains' areas and length of their boundaries; we are following the footsteps of Nazarov and Sodin \[[@CR9], [@CR11]\], who developed some novel techniques to study the total number of nodal domains of smooth fields, and Sarnak and Wigman \[[@CR12]\] who extended their tools to study finer questions of counting nodal domains of a given topological type and their mutual positions ("nestings"). Some of the methods in our paper are similar to these of the aforementioned papers; in particular, we borrow several technical results from these manuscripts. Some marked differences from these will be discussed at the end of the introduction.
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                \begin{document}$$(\mathcal {M},g)$$\end{document}$ be a compact smooth Riemannian *n*-manifold. For a smooth function $\documentclass[12pt]{minimal}
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                \begin{document}$$f:\mathcal {M}\rightarrow \mathbb {R}$$\end{document}$ the nodal domains are the connected components of the complement $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {M}{\setminus } f^{-1}(0)$$\end{document}$ of the nodal set, and we denote $\documentclass[12pt]{minimal}
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                \begin{document}$$\varOmega (f)$$\end{document}$ to be the collection of all nodal domains of *f*, and for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}(f;t)$$\end{document}$ to be the number of nodal domains $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \in \varOmega (f)$$\end{document}$ of volume$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\text {Vol}}(\omega )<t, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {Vol}}={\text {Vol}}_n$$\end{document}$ is the *n*-dimensional volume on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {N}(f) = \mathcal {N}(f;\infty ) = |\varOmega (f)| \end{aligned}$$\end{document}$$to be the total number of nodal domains of *f*. In this paper we will investigate the behaviour of *N*(*f*; *t*) for several classes of random functions *f*.

Before introducing the most general result we would like to discuss one particular case (whose scaling limit is Berry's random monochromatic waves) which is easy to explain and is representative in the proof of the general result. It is well-known that the space of spherical harmonics of degree *l* is of dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\phi _{l,i}\}_{i=1\ldots 2l+1}$$\end{document}$ be an arbitrary $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-orthonormal basis. Define a random Gaussian spherical harmonic$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f_l=\sqrt{\frac{1}{2l+1}}\sum \limits _{i=1}^{2l+1} c_i \phi _{l,i}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$c_i$$\end{document}$ are i.i.d. standard Gaussian variables. The normalizing constant is chosen so that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {E}[|f(z)|^2]=1 \end{aligned}$$\end{document}$$for every $\documentclass[12pt]{minimal}
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                \begin{document}$$z\in \mathcal {S}^{2}$$\end{document}$.

For the total number of nodal domains of $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{l}$$\end{document}$ Nazarov and Sodin \[[@CR9], [@CR11]\] proved that there exists a constant $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{0}>0$$\end{document}$ ("Universal Nazarov--Sodin Constant") so that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {E}\left[ \left| \frac{\mathcal {N}(f_{l})}{l^{2}} - 4\pi c_{0} \right| \right] \rightarrow 0, \end{aligned}$$\end{document}$$i.e. that $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\mathcal {N}(f_{l})}{l^{2}}$$\end{document}$ converges to the constant $\documentclass[12pt]{minimal}
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                \begin{document}$$4\pi \cdot c_{0}>0$$\end{document}$ *in mean*, where $\documentclass[12pt]{minimal}
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                \begin{document}$$4\pi ={\text {Vol}}_{2}(\mathcal {S}^{2})$$\end{document}$ is the surface area of the unit 2-sphere. The constant $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{0}$$\end{document}$ in ([1.2](#Equ2){ref-type=""}) will be denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{0}=c(2,1)$$\end{document}$ as a particular case of a more general situation below \[see ([1.8](#Equ8){ref-type=""})\]. Our first principal result refines this.

Theorem 1 {#FPar1}
---------
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                \begin{document}$$f_l$$\end{document}$ be the random spherical harmonic of degree *l*. Then the following holds:There exists a monotone non-decreasing function $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varPsi =\varPsi _{2,1}:(0,\infty )\rightarrow \mathbb {R}_{+ }, \end{aligned}$$\end{document}$$ so that for all continuity points *t* of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {E}\left[ \left| \frac{\mathcal {N}(f_{l};t/l^{2})}{\mathcal {N}(f_{l})} - \varPsi (t) \right| \right] \rightarrow 0,\qquad l\rightarrow \infty . \end{aligned}$$\end{document}$$ (Notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi _{2,1}$$\end{document}$ will be clear from the formulation of Theorem [2](#FPar5){ref-type="sec"}.)Let $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} t_0=\pi j_{0,1}^2=18.168\ldots \end{aligned}$$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$j_{0,1}\approx 2.4048$$\end{document}$ is the first zero of the Bessel function $\documentclass[12pt]{minimal}
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                \begin{document}$$[0,t_{0})$$\end{document}$, and is strictly increasing for $\documentclass[12pt]{minimal}
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                \begin{document}$$t>t_{0}$$\end{document}$.

As a monotone increasing function $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi $$\end{document}$ is continuous outside a countable set of jumps $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}_{0}=\mathcal {T}_{0;2;1} = \{t_{k}\}_{k=1}^{\infty }$$\end{document}$; hence ([1.3](#Equ3){ref-type=""}) holds for all $\documentclass[12pt]{minimal}
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                \begin{document}$$t\in \mathbb {R}_{>0}{\setminus }\mathcal {T}_{0}$$\end{document}$. The question whether we should expect for some genuine "distinguished" numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$t\in \mathcal {T}_{0}$$\end{document}$ that accumulate a positive proportion of nodal domain areas with strictly positive probability turned out to be quite tricky. On one hand, it is a priori possible to construct examples of spherical harmonics admitting lots of nodal domains of similar volume $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}_{0}$$\end{document}$. However, we may show that this situation is unstable w.r.t. small perturbations of the given spherical harmonics, by evaluating the derivatives of the volumes of these nodal domains w.r.t. the perturbation, and proving most of them to be bounded away from 0, with high probability.

The latter procedure seems very difficult to implement in order to rigorously rule out atoms, since the typical situation is more complicated, so that, even though the nodal domains of volume $\documentclass[12pt]{minimal}
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                \begin{document}$$\approx t$$\end{document}$ before perturbation have been perturbed sufficiently, there might occur *other* domains, whose volume will be $\documentclass[12pt]{minimal}
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                \begin{document}$$\approx t$$\end{document}$ *after* the perturbation. Nevertheless the above heuristic could serve as an argument in favour of believing in no "distinguished" areas, accumulating a positive proportions of nodal domain areas, at all, as in the following conjecture (or at least $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi =\varPsi _{2,1}$$\end{document}$ (see the second part of Conjecture [1](#FPar2){ref-type="sec"}), and in the more general scenario.

Conjecture 1 {#FPar2}
------------
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                \begin{document}$$\varPsi $$\end{document}$ be the function prescribed by Theorem [1](#FPar1){ref-type="sec"}.The set of jumps of $\documentclass[12pt]{minimal}
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                \begin{document}$$(t_0,\infty )$$\end{document}$ and its derivative (the probability density of the limiting distribution of nodal areas) is strictly positive.

Let us make a few remarks on Theorem [1](#FPar2){ref-type="sec"}. The spherical harmonics have a natural scale 1 / *l*, hence the natural area scaling is $\documentclass[12pt]{minimal}
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All the other principal results of this paper are in the same spirit as Theorem [1](#FPar1){ref-type="sec"} but in different, less specialized, settings. The two main settings are: Euclidian (or "scale invariant") case, and band-limited ensembles on manifolds; one recovers the former as scaling limits of the band-limited ensembles around every point of the given manifold. Below we briefly describe the various settings of random ensembles of functions treated in this paper.

Euclidian random fields {#Sec2}
-----------------------

Here we are interested in centred Gaussian functions $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} K(x,y)=\mathbb {E}[F(x)\cdot F(y)]. \end{aligned}$$\end{document}$$We will be interested in *isotropic* fields i.e. the fields such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} K(x,y)=K(|x-y|), \end{aligned}$$\end{document}$$which means that *F* is invariant under translations and rotations. From now on we assume that all our fields on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^n$$\end{document}$ are isotropic, and moreover, we will also assume that *F* is normalized so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K(0)=\mathbb {E}[F^2(x)] =1.$$\end{document}$

It is known that the such covariance kernel *K* can be expressed as the Fourier transform of a measure $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar3}
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Since the spectral measure is supported on the unit circle, the random plane wave is a solution of Helmholz equation$$\documentclass[12pt]{minimal}
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A direct computation shows that the covariance kernel of this function is indeed $\documentclass[12pt]{minimal}
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### Definition 2 {#FPar4}
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In Theorem [5](#FPar13){ref-type="sec"} below we will show that under relatively mild conditions on the spectral measure, an analogue of Theorem [1](#FPar1){ref-type="sec"} holds for *F*. Theorem [5](#FPar13){ref-type="sec"} will be proved in great generality, though the most important, relevant for Theorem [1](#FPar1){ref-type="sec"}, is the case of the random monochromatic plane-wave, of significant importance by itself.

Band-limited functions {#Sec3}
----------------------
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The random spherical harmonic ([1.1](#Equ1){ref-type=""}) defined above is an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =1$$\end{document}$ band-limited function on the unit sphere $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}^{2}$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta (T)=O(T^{1/2})$$\end{document}$. For the total number of nodal domains of the band limited functions Nazarov and Sodin \[[@CR11], [@CR13]\] proved that for every $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {E}\left[ \left| \frac{\mathcal {N}_{\varOmega }(f)}{T^{n}} - c(n,\alpha ) \cdot {\text {Vol}}_{n}(\mathcal {M}) \right| \right] \rightarrow 0. \end{aligned}$$\end{document}$$Sarnak and Wigman \[[@CR12]\] refined the latter result ([1.8](#Equ8){ref-type=""}) for counting the number of nodal domains (or components) of *f* of a given topological class; they also found an elegant way to formulate it in terms of convergence of random probability measures consolidating all topological types into a universal deterministic probability measure that conserves all the topologies. Gayet and Welshinger \[[@CR8]\] proved lower (and upper) bounds for the expected number of domains of a given topological class in a different ensemble of random polynomials in the high degree limit. We will show below that a result similar to Theorem [1](#FPar1){ref-type="sec"} holds for band-limited functions.

### Theorem 2 {#FPar5}
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                \begin{document}$$\varPsi $$\end{document}$ prescribed by Theorem [2](#FPar5){ref-type="sec"} depends on dimension *n*, but not on the manifold.

Some properties of the limiting distribution $\documentclass[12pt]{minimal}
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Here we investigate the most basic property of $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar6}
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### Theorem 4 {#FPar7}
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Motivated by similar arguments to Conjecture [1](#FPar2){ref-type="sec"} (see the couple of paragraphs preceding Conjecture [1](#FPar2){ref-type="sec"}) it is only natural to conjecture the following:

### Conjecture 2 {#FPar8}
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Main ideas and the plan of the paper {#Sec5}
------------------------------------

Our general strategy is similar to \[[@CR11], [@CR12]\]; for a start, in Sect. [2.1](#Sec7){ref-type="sec"} we give the necessary background on the behaviour of band-limited functions in the semiclassical limit. Roughly speaking, we show that on small scale bigger than 1 / *T* the rescaled version $\documentclass[12pt]{minimal}
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Despite the fact that our general approach follows the footsteps of Nazarov and Sodin \[[@CR11], [@CR13]\] and Sarnak and Wigman \[[@CR12]\] (and Canzani and Sarnak \[[@CR7]\] for the full support statement in the monochromatic case $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =1$$\end{document}$), our case offers new significant challenges on both the Euclidean stage and the inference of the Riemannian one, and also for proving the full support statement on the volume distribution. First, as we are interested in the number of nodal domains of a given approximate volume, we need to refine the techniques to control the volumes of the perturbed nodal domains rather than their mere number; though it shares some similarities with \[[@CR12]\], the continuous variable *t* makes the analysis more challenging as compared to the purely discrete (and hence atomic) case in \[[@CR12]\]. While the more refined technical work is a relatively standard application of techniques in differential geometry (Lemma [10](#FPar31){ref-type="sec"}), if some $\documentclass[12pt]{minimal}
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Second, as part of the full support statement for the limit distribution (Theorems [3](#FPar6){ref-type="sec"} and [4](#FPar7){ref-type="sec"}), we need to construct a deterministic function in some space of functions with a nodal domain of a prescribed volume. In the monochromatic case this is only possible if it obeys the Faber--Krahn inequality; in this case we show that the converse is also valid, whence are are building on \[[@CR7]\] and refine it for our needs. Finally, while an analogue of the ergodic approach of Nazarov and Sodin \[[@CR11], [@CR13]\] yields the mere *existence* of $\documentclass[12pt]{minimal}
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Necessary background {#Sec6}
====================

Semiclassical properties of band-limited functions and their scaling limits {#Sec7}
---------------------------------------------------------------------------

In this section we introduce a few facts about band-limited functions. The results are stated without proofs, for more detailed discussion we refer the readers to \[[@CR12], Section 2.1\] and references therein.
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We may differentiate both sides of ([2.1](#Equ10){ref-type=""}) to obtain asymptotic expression for *finitely* many derivatives of $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar9}
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The Kac--Rice premise {#Sec8}
---------------------

In this section we collect a number of *local* results required below. The Kac--Rice formula is a powerful tool for computing moments of local quantities, and in principle it is capable of expressing *any* moment of a local quantity of a given random Gaussian field *F* in terms of explicit, albeit complicated, Gaussian expectations, or, equivalently, in terms of the covariance kernel.
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### Lemma 2 {#FPar10}
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Condition (iv) of \[[@CR2], Theorem 6.2\] that zero is not a critical level is automatically satisfied by all $\documentclass[12pt]{minimal}
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The following lemma is an upper bound for either the number of critical points of a random field or its restriction to a hypersphere as a result of an application of Kac--Rice on coordinate patches.

### Lemma 3 {#FPar11}
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The following estimate is the upper bound part of the (precise) Kac--Rice formula applied to the band limited functions.

### Lemma 4 {#FPar12}
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Distribution of nodal domain areas for Euclidian fields {#Sec9}
=======================================================

Notation and statement of the main result on Euclidian fields {#Sec10}
-------------------------------------------------------------

### Notation and basic setup {#Sec11}
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                \begin{document}$$\begin{aligned} \mathcal {N}(f;R)=\mathcal {N}(f,\infty ;R) \end{aligned}$$\end{document}$$is the total number of nodal domains lying inside *B*(*R*), as considered by Nazarov and Sodin \[[@CR9]\].

We are interested in the asymptotic distribution[2](#Fn2){ref-type="fn"} of the nodal domain volumes, that is, the asymptotic behaviour of $\documentclass[12pt]{minimal}
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                \begin{document}$$t>0$$\end{document}$ fixed; throughout this section we will tacitly assume that *F* is stationary, so that its spectral measure makes sense. We would like to establish the limit$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varPsi _{\rho }(t) := \lim \limits _{R\rightarrow \infty }\frac{\mathcal {N}(F,t;R)}{\mathcal {N}(F;R)} \end{aligned}$$\end{document}$$in mean, and, moreover, that $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi _{\rho }(t)$$\end{document}$ is a distribution function, i.e.$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {N}(F;R)- \mathcal {N}(F,t;R) \le \frac{{\text {Vol}}B(R)}{t} \end{aligned}$$\end{document}$$for the number of domains of volume greater than *t*.

Following Nazarov and Sodin \[[@CR11]\] we assume that the spectral measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ of *F* satisfies the following axioms: $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {supp}}\rho $$\end{document}$ does not lie in a linear hyperplane. (This ensures that the random Gaussian field, together with its gradient is not degenerate.)

For this model Nazarov and Sodin \[[@CR11]\] proved that there exists a constant $\documentclass[12pt]{minimal}
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                \begin{document}$$c(\rho )\ge 0$$\end{document}$ (the "Nazarov--Sodin constant") so that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\mathcal {N}(F;R)}{{\text {Vol}}B(R)} \rightarrow c(\rho ) \end{aligned}$$\end{document}$$both in mean and a.s.

It is shown in \[[@CR11]\] that under the additional mild condition the constant $\documentclass[12pt]{minimal}
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                \begin{document}$$(\rho 4)$$\end{document}$The Nazarov--Sodin constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c(\rho )$$\end{document}$ is positive.

Sometimes we will invoke a stronger axiom: $\documentclass[12pt]{minimal}
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### Existence of limiting distribution $\documentclass[12pt]{minimal}
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#### Theorem 5 {#FPar13}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F:\mathbb {R}^{n}\rightarrow \mathbb {R}$$\end{document}$ be a stationary random field whose spectral measure $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{\mathcal {N}(F,t;R)}{ {\text {Vol}}(B(R))} \end{aligned}$$\end{document}$$converges in mean as $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varPsi _{\rho }(t):=\lim \limits _{R\rightarrow \infty }\frac{\mathcal {N}(F,t;R)}{c(\rho )\cdot {\text {Vol}}(B(R))}. \end{aligned}$$\end{document}$$

Since the total number of nodal domains of *F* lying inside *B*(*R*) was proven to be asymptotic to$$\documentclass[12pt]{minimal}
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#### Theorem 6 {#FPar14}

(Lower bound on domains in the generic case) Assume that the spectral measure of *F* satisfies axioms $\documentclass[12pt]{minimal}
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For the random plane wave (RPW) the situation is slightly different. Its spectral measure does not satisfy ($\documentclass[12pt]{minimal}
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#### Theorem 7 {#FPar15}
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The remaining part of Sect. [3](#Sec9){ref-type="sec"} is dedicated to the proofs of Theorems [5](#FPar13){ref-type="sec"}, [6](#FPar14){ref-type="sec"} and [7](#FPar15){ref-type="sec"}.

Integral-Geometric Sandwich {#Sec14}
---------------------------
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### Lemma 5 {#FPar16}
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Proof of Theorem [5](#FPar13){ref-type="sec"} {#Sec15}
---------------------------------------------

### Proof {#FPar18}
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### Remark 1 {#FPar19}

This proof also shows a.s. convergence but we will not need that for the rest (i.e. the Riemannian case).

Proofs of Theorems [6](#FPar14){ref-type="sec"} and [7](#FPar15){ref-type="sec"} {#Sec16}
--------------------------------------------------------------------------------

### Proof of Theorem 6 {#FPar20}
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The proof of Theorem [6](#FPar14){ref-type="sec"} will consist of three steps. First we will construct a deterministic function with nodal domain of given area. After that we will show that the probability that there is a random function with almost the same nodal domain is positive. Finally we show that this implies that the expected density of such nodal domains is positive.
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### Proof of Theorem 7 {#FPar21}

The proof of this theorem is almost exactly the same as the proof of Theorem [6](#FPar14){ref-type="sec"}, but the first deterministic step is different. The main difference is that the spectral measure is supported on the sphere, hence its support has empty interior and the space $\documentclass[12pt]{minimal}
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Local setting and statement of the local result {#Sec18}
-----------------------------------------------
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### Theorem 8 {#FPar22}
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The rest of this section is dedicated to giving a proof of Theorem [8](#FPar22){ref-type="sec"}.

Proof of Theorem [8](#FPar22){ref-type="sec"} {#Sec19}
---------------------------------------------

We formulate the following proposition that will imply Theorem [8](#FPar22){ref-type="sec"}. The proof is postponed till Sect. [4.4](#Sec21){ref-type="sec"} after some preparatory work in Sect. [4.3](#Sec20){ref-type="sec"}.

### Proposition 1 {#FPar23}
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### Proof of Theorem 8 assuming Proposition 1 {#FPar24}
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Some preparatory results towards the proof of Proposition [1](#FPar23){ref-type="sec"} {#Sec20}
--------------------------------------------------------------------------------------
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The following is a simple corollary of Lemma [1](#FPar9){ref-type="sec"}.
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### Lemma 7 {#FPar26}
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### Proof {#FPar27}

For ([4.9](#Equ36){ref-type=""}) we may choose *M* to be$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M=\delta ^{-1}\mathbb {E}[\Vert \mathfrak {g}_{n,\alpha }\Vert _{C^{2}(\overline{B}(2R))} ], \end{aligned}$$\end{document}$$and the latter expectation is finite by \[[@CR1], Theorem 2.1.1\]. The estimate ([4.9](#Equ36){ref-type=""}) with this value of *M* follows from Chebyshev's inequality.

In order to establish ([4.10](#Equ37){ref-type=""}) we observe that by "Sudakov-Fernique comparison inequality" \[[@CR1], Theorem 2.2.3\] and ([2.1](#Equ10){ref-type=""}) applied to both $\documentclass[12pt]{minimal}
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### Lemma 8 {#FPar28}
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Proof of Proposition [1](#FPar23){ref-type="sec"} {#Sec21}
-------------------------------------------------

To prove Proposition [1](#FPar23){ref-type="sec"} we need the following lemma which is the uniform version of an obvious statement that the volume of a nodal domain depends continuously on the function as long as 0 is not a critical value.

### Lemma 10 {#FPar31}
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The proof of Lemma [10](#FPar31){ref-type="sec"} is postponed until immediately after the proof of Proposition [1](#FPar23){ref-type="sec"}.
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Global results {#Sec22}
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Proofs of the main results: Theorems [1](#FPar1){ref-type="sec"},  [2](#FPar5){ref-type="sec"}, [3](#FPar6){ref-type="sec"}, and [4](#FPar7){ref-type="sec"} {#Sec23}
------------------------------------------------------------------------------------------------------------------------------------------------------------

### Notation 9 {#FPar34}
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### Proposition 2 {#FPar35}
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### Proof of Theorem 2 assuming Proposition 2 {#FPar36}
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### Proof of Theorem 1 {#FPar37}
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### Proofs of Theorems 3 and 4 {#FPar38}

By Theorem [2](#FPar5){ref-type="sec"} the distribution function is universal and from ([2.2](#Equ11){ref-type=""}) we know the spectral measures. In the case $\documentclass[12pt]{minimal}
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Proof of Proposition [2](#FPar35){ref-type="sec"} {#Sec24}
-------------------------------------------------

### Excising the very small and very long domains {#Sec25}

#### Definition 3 {#FPar39}
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### Proof of Proposition [2](#FPar35){ref-type="sec"} {#Sec26}

#### Proposition 3 {#FPar42}
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The proof of Proposition [3](#FPar42){ref-type="sec"} will be given in Sect. [5.3](#Sec27){ref-type="sec"}.

#### Proof of Proposition 2 assuming Proposition 3 {#FPar43}
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Proof of Proposition [3](#FPar42){ref-type="sec"} {#Sec27}
-------------------------------------------------

We need to formulate a couple of auxiliary lemmas.

### Lemma 13 {#FPar44}

(cf. \[[@CR13]\] Lemma 1, and Lemma [5](#FPar16){ref-type="sec"} in the scale-invariant case) Given $\documentclass[12pt]{minimal}
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The proof of Lemma [13](#FPar44){ref-type="sec"} is very similar to the one of Lemma [5](#FPar16){ref-type="sec"} and is omitted here.

### Proof of Proposition 3 {#FPar45}
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Final remark: volumes of the nodal components {#Sec28}
=============================================

Volume distribution of boundary components {#Sec29}
------------------------------------------

We would like to point out that the methods we are using are rather general and with minimal change one may prove other results. These in particular include similar results about the $\documentclass[12pt]{minimal}
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The only difference is in the results stating that the limit functions are strictly increasing i.e. Theorems [6](#FPar14){ref-type="sec"} and [7](#FPar15){ref-type="sec"}. The main idea is still the same: we have to create a deterministic example with a nodal component of (approximately) given size, and then show that small perturbations do not significantly alter its size with positive probability. For $\documentclass[12pt]{minimal}
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Coupling between domain boundary volumes {#Sec30}
----------------------------------------

Finally, we point that it is possible to consider the *joint* distribution of$$\documentclass[12pt]{minimal}
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Note the different normalization as compared to \[[@CR12]\].

To make sense of the distribution of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}(F,\cdot ;\cdot )$$\end{document}$ it is essential to show that the latter is a *random variable*, i.e. a measurable function on the sample space. Fortunately, the proof of a similar statement, given in \[[@CR12], Appendix A\], is sufficiently robust to cover our case and all the other similar quantities of this manuscript; from this point on we will neglect any issue of measurability.
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